We present an approach to the problem of particle disks in lopsided potentials | such as circumbinary dust or planetesimal disks | which focuses on planar and o -plane orbits in the restricted three-body problem. We show that several families of o -plane orbits around a circular binary are stable, and at least one of these is easily accessible to particles orbiting in the plane of the binary motion (e.g., in a circumbinary accretion or protoplanetary disk). The presence of a vertical instability in the family of simple, periodic orbits which supports such disks suggests that particles in the disk should be excited into o -plane motion.
1. INTRODUCTION Theoretical investigation of gas and particle disks has traditionally focused on disks around stars, in the context of cataclysmic variables and the formation of the Solar System. In recent years, however, interest in the structure and behavior of disks surrounding binaries has grown. In part, this is due to the discovery that many binary T Tauri and related pre{main sequence stars possess both circumstellar and circumbinary disks (see Mathieu 1994 for a review). Indirect evidence from IR and sub-mm spectrophotometry suggests that some systems possess both warm inner (circumstellar) disks and cooler outer (circumbinary) disks, with a gap between them (e.g., Jensen & Mathieu 1997) . Such a gap, with a width a few times the binary separation, is predicted by theory (Lin & Papaloizou 1979; Rudak & Paczy nski 1981; Artymowicz & Lubow 1994, hereafter AL94) . Recent CO and mm-wave mapping and near-IR imaging of the pre{main sequence binary GG Tau (Dutrey, Guilloteau, & Simon 1994; Roddier et al. 1996) has shown the circumbinary disk and the gap directly. The discovery of inner holes in remnant dust disks in Pictoris and similar systems, perhaps caused by a massive planet (e.g., Roques et al. (1994) ), and the outer Solar System's Kuiper Belt | where the dominant graviational forces are those of the Sun and Neptune | indicates that circumbinary dynamics are relevant to a large number of astronomical systems.
Studies of circumbinary disks have focused almost entirely on dynamics in the binary orbital plane, assuming that the disk lies in the same plane. In this paper, we look at circumbinary particle dynamics with an emphasis on o -plane motions, to see when particles | and possibly also gas | could acquire signi cant out-of-plane motions, and whether such motions can be stable. We use two approaches. First, we explore closed periodic orbits around a circular binary system, concentrating on orbits which move material o the plane of the binary orbit, and on the vertical instabilities and resonances which can generate such motion. Second, for binaries in both circular and eccentric orbits, we examine the behavior of test particles spiralling inwards under a dissipative force. We look at the e ects of vertical resonances on dissipational disks and the relative importance of o -plane orbits in both circular and eccentric binaries.
The outline of the paper is as follows. In the next section, we discuss closed periodic orbits around a circular binary, both in the plane and o -plane, and how the stability or instability of such orbits relates to the motions of 1 2 free particles around a binary. Section 3 covers our integrations of test particles under a dissipative force, which test the relevance of the closed orbit families to particle motion in both circular and eccentric binaries. Finally, in Section 4 we discuss possible applications to real astronomical systems.
2. ORBITS AROUND A CIRCULAR BINARY In a circular binary, the potential is unchanging in a reference frame which rotates uniformly with the binary at the rate B . Collisionless particles bound to the system can move in quasi-periodic orbits that oscillate about stable periodic orbits, which themselves close in the rotating frame. Such closed orbits can be organized into \families," sequences of orbits sharing common characteristics, such as shape, symmetry, orientation, and direction of motion, but changing continuously as the energy of the orbits is changed. By contrast, in an eccentric binary the potential is no longer steady in the rotating frame; closed orbits are discrete and isolated, since their periods must be integer multiples of the binary period in order for the potential to come back to the initial state when the particle returns to its starting position. Nonetheless, we show in Section 3.2 that particle motions in an eccentric binary can still be understood in terms of the orbit families in an equivalent circular system.
To zeroth order, we expect that gas in a circumbinary disk will follow stable orbits in the plane of the binary, as long as these orbits do not cross themselves or each other; the latter restrictions would not apply to sparse populations such as isolated dust grains or planetesimals. Figure 1 shows the main family of stable orbits surrounding a circular binary. These orbits extend out to in nity and are stable, singly-looped, and nested inward to approximately twice the binary separation; they form the dynamical \backbone" for a circumbinary disk. They have a 2 : 1 resonant structure: two radial oscillations occur for each azimuthal cycle. These orbits constitute family`, in the classi cation scheme established for closed orbits in an equal-mass binary system (see Szebehely 1967 for an excellent overview); they are analogous to the \central" family x1 of orbits outside corotation in barred galaxies (e.g., Contopoulos & Grosb l 1989) .
Particles in a circumbinary disk can lose energy and angular momentum gradually via such processes as gas or Poynting-Robertson drag. In doing so, they will move slowly inward while remaining close to these stable orbits, until they reach a region where the orbits become unstable or nonexistent due to one or more resonances. The fate of the particles then depends on the strength of the instability, the nature of the new orbit families which originate at the transition to instability, and the magnitude of dissipational forces at work. If the orbits are only mildly unstable, the gap in the stable sequence relatively small, and the dissipational forces strong, then the particle may simply cross through the region with little perturbation and continue onto the stable orbits on the other side. (for relative strengths of resonances see, e.g., AL94, Malhotra 1993a) However, the \critical" orbit at a stability-instability edge does give rise to new families of orbits which bifurcate from the main family (e.g, H enon 1965b Markellos 1974; Zagouras & Markellos 1977; Mulder & Hooimeyer 1984) .
If any of these new orbit families are themselves stable, then the particle may move onto them instead of continuing along the \parent" family. If no nearby stable orbits are available, then the particle's motion may become chaotic. More generally, Markellos (1974) has shown that new orbit families bifurcate from a parent family whenever the stability parameter of the parent orbits reaches certain values. Speci cally, when H enon's horizontal stability parameter a = cos(2 P=Q), where P and Q are integers, then a family of planar orbits of multiplicity Q, having a period Q times the period of the parent orbits, will appear (see Section 2.1 for a discussion of stability parameters). O -plane orbits also branch from planar orbits when the vertical stability parameter satis es a similar criterion (Zagouras & Markellos 1977; Robin & Markellos 1983) . The bifurcations occur because the rotation or winding number Q=P, which is the ratio of azimuthal to radial or vertical oscillation frequencies for a particle in quasiperiodic orbit close to the main family, varies continuously along the family, passing through an in nite number of rational values (P and Q integers), each of which indicates a new closed orbit is possible (Contopoulos 1983) . At the bifurcation point of most of these new orbit families, there is no instability in the parent orbits to \encourage" particles to move onto the new orbits. However, we will show in Section 3.2 that some of them are useful for explaining particle motions in eccentric systems.
Our task, then, is to map out the sequences of periodic orbits which the disk particles will approximate, chart the regions of instability resulting from resonances and orbits which branch therefrom, and note when families of orbits develop loops or start to intersect with exterior orbits. We look in particular for vertical resonances and families of oplane orbits which originate from the planar circumbinary orbits.
Equations of Motion, Computational Methods, and
Resonance De nitions 2.1.1. Equations of Motion and Methods The motion of a massless test particle around a circular binary is one case of the classical restricted three-body problem; the special case where both stars have the same mass is sometimes known as the \Copenhagen problem" (see, e.g., Szebehely 1967) . We work in a reference frame which rotates with the binary; the origin is at the barycenter and the two stars lie on the x-axis, with the more massive star m 1 located to the left of the origin. The most important parameter is the binary mass ratio , which is equal to the ratio of the mass of the secondary to the total mass: i.e., = m 2 =(m 1 + m 2 ). We choose units such that the sum of the two stars' masses m 1 + m 2 = 1, the semi-major axis of the system a = 1, and the gravitational constant G = 1. Unless otherwise noted, all distances are given in units of the binary's semi-major axis. The unit of time is then equal to the binary period divided by 2 .
The equations of motion for the massless test particle are then: 
where r 1 , r 2 , and r are the radius vectors from the barycenter to, respectively, m 1 ; m 2 , and the particle. Since both stars lie on the x-axis, r 1 = ? x and r 2 = (1 ? )x.
To simplify computation, we substitute the canonical momenta (per unit mass) in the rotating frame:
x ? B y; p y = _ y + B x; p z = _ z:
(3) Note that these have the same numerical value as the particle's velocity in the inertial frame.
In the rotating frame, the Jacobi integral E J plays a role analogous to the particle's energy in the inertial frame.
We de ne E J as being equal to the Hamiltonian, as is the practice in galactic dynamics work (e.g., Pfenniger 1984; Binney & Tremaine 1987): E J = (p 2 x +p 2 y + p 2 z )=2 + B (p x y?p y x) + V (x; y; z): (4) The \Jacobi constant" C which is often used in the threebody problem (e.g., H enon 1965a; Szebehely 1967) is related to our Jacobi integral by C = ?2E J :
Integration of the equations of motion was carried out with the Bulirsch-Stoer method (see, e.g., Press et al. 1992) , modi ed to allow the possibility of halting the integration when the particle crossed a particular axis. All computations were done in double precision, with a tolerance of 10 ?12 to avoid possible contributions from truncation and roundo errors. We nd that E J is conserved to within a few times 10 ?7 even for our longest integrations of 400,000 time units.
We used the well-known variational method (e.g., Pfenniger 1984; Mulder & Hooimeyer 1984) to search for orbits which close after circling the binary n times: starting particles on the negative x-axis with nonzero y-momentum, and then integrating forward until they cross that axis for the nth time. The symmetry of the resulting orbit is constrained by the initial values of the other momenta and of z 0 : for example, an orbit which is symmetric about the x-axis must have p x = 0 when y = 0, so that it crosses perpendicular to the x-axis.
The linear stability of an orbit measures how particles which start near to a closed orbit diverge from that orbit as time increases. If the orbit is stable, then nearby trajectories remain close to that orbit, oscillating about it in quasiperiodic motion. Instability means that nearby trajectories diverge exponentially. We measure linear stability using the variational method: small o sets in the particle's position in phase space relative to the closed orbit's starting position are integrated forward until the nth crossing of the negative x-axis. Simple stability parameters can be de ned by comparing starting and ending positions r 0 and r f of individual trajectories. The horizontal and vertical stability parameters of H enon, a = @x f =@x 0 and a v = @z f =@z 0 , give information about the stability of a planar orbit against perturbations in the plane z = 0 or out of the plane, respectively. Stability is indicated by ?1 < a < 1 and ?1 < a v < 1; values outside this range indicate that the deviations are growing exponentially, and that the orbit is therefore unstable. So-called critical orbits have neutral stability, with a = 1 or a v = 1.
However, these parameters are su cient and accurate only for orbits which are both symmetric and planar. Because we are interested in both asymmetric and o -plane orbits, we use method originally developed by Broucke (1969; see also pp. 208{210 of Lichtenberg & Lieberman 1992 and Pfenniger 1984) . The derivatives of the nal values of phase space coordinates (x, z, p x , p z ) with respect to their initial values are used to construct a variational or Jacobian matrix. Because the system is Hamiltonian, the determinant of this matrix must be unity. The eigenvalues of the matrix describe how the phase space volume in the immediate vicinity of a periodic orbit, as de ned by the initial o sets, changes over one complete orbit. These eigenvalues form two pairs of complex conjugates: ( 1 ; 1= 1 ; 2 ; 1= 2 ); for planar orbits, one pair describes stability against planar deviations, and the other describes vertical stability. Stability requires that all four eigenvalues lie on the unit circle in the complex plane; the most common form of instability is indicated by one or both pairs of eigenvalues becoming real. Following Pfenniger (1984), we de ne b 1 = 1 +1= 1 and b 2 = 2 +1= 2 ; stability then requires that b 1 and b 2 both be real and both lie between ?2 and 2. For planar orbits, b 1 and b 2 describe horizontal and vertical stability; we form the Jacobian matrix so that a = ?b 1 =2 and a v = ?b 2 =2.
Resonances
We describe most of the circumbinary resonances in terms of the ratios of particle orbital frequencies: the particle's azimuthal frequency in the rotating frame (Doppler- or not a resonance is \interesting," in the sense of a ecting particle motion, depends on the numerical value of the frequency ratios and the forcing functions due to the binary potential.
One general type of non-linear resonances is the \para-metric" resonance, which produces unstable motion from the interaction of a system's natural frequency and an imposed forcing function with frequency f. Consider a system described by an equation such as
where a(t) is a periodic function with frequency f: the special case where a(t) = cos(ft) is known as Mathieu's equation. Then there are resonances producing unstable motion for = n 2 f; n = 0; 1; 2; : : ::
(see, e.g., Arnold 1973) . The unstable regions around each such point | the width of the instability in terms of | increase in size with increasing , and are sometimes called \Arnold tongues"; the strongest instability occurs when n = 1. The potential of a circular binary can be
Fourier-analyzed into a sum of components of the form 4 cos(m ), all rotating with frequency B ; see AL94. So in the binary system, the natural frequency is or , and the forcing frequency is the particle's Doppler-shifted azimuthal frequency mj ? B j. Thus, there are parametric resonances in the circular binary whenever or = n m 2 j ? B j; n = 0; 1; 2; : : ::
Binney (1978, 1981) gives a discussion of parametric resonances in galactic m = 2 potentials; see, e.g., Arnold (1973, pp. 203{206 ) for a general discussion. When the forcing frequency is equal to the natural frequency, we have the well-known Lindblad resonances, which are particularly important for disks with collective responses such as gas pressure or self-gravity. A prominent galactic example is the m = 2 outer Lindblad resonance (OLR); m = 2 indicates that the resonance is due to a potential or component of the potential with two-fold symmetry, such as a bar or two-arm spiral. In our notation, this is k = ?2 : 1, with the negative sign indicating that azimuthal motion is retrograde in the rotating frame. It is conventional to ignore sign for Lindblad resonances and instead specify whether they are outside or inside corotation. We will also encounter the \m = 1 OLR," which is the k = ?1 : 1 planar resonance due to a potential or component of the potential with \lopsided" m = 1 asymmetry.
Parametric resonances which are not Lindblad resonances are nonetheless sometimes termed \eccentric Lindblad" and \eccentric corotational" resonances in the context of gas disks (Lubow 1991a ; not to be confused with the \ec-centric resonances" in AL94). Although these latter terms do re ect the di erent responses generated in a uid disk, as opposed to those felt by free particles, we will use \para-metric resonance" to refer to those resonances which are not standard Lindblad resonances, since we feel this avoids confusion.
As ! 0 or r ! 1, a binary approaches a purely Keplerian potential. Thus, resonances in a circumbinary disk can be related to their Keplerian equivalents, the meanmotion or commensurability resonances. These are the ratios p=q of the period of the test particle to that of m 2 (which is itself massless in the purely Keplerian case). For a Keplerian potential, = = , so our ratio is related to the commensurability ratio by k = q=(q ?p). Thus, the m = 1 and m = 2 outer Lindblad resonances correspond to the 2 : 1 and 3 : 2 mean-motion resonances, respectively, and the outermost (n = 1; m = 1) parametric resonance corresponds to the 3 : 1 mean-motion resonance. See Table 1 for a list of some of the important circumbinary resonances. The naming system we use for orbit families is derived from our resonance notation, and is described in Appendix A.
Planar Orbits and the Circumbinary Gap
We begin by examining the e ect of planar resonances on particle motion in a circumbinary disk. A vertical instability is accessible to particles following orbits in the plane only if it lies in a region of planar stability; in particular, it must not lie within the circumbinary gap. This gap is maintained by the planar resonances which cluster together near corotation. At the corotation resonance itself, a particle orbit would have the same azimuthal frequency as the binary itself; the outer (L4 and L5) Lagrange libration points lie within the corotation region (see Figure 1) . In a wide region around corotation, the simple closed orbits are unstable or nonexistent, because of the overlapping instability regions of multiple resonances which crowd together as one approaches the corotation resonance (e.g., Wisdom 1980); particle motion in such a region will be chaotic (Chirikov 1979) . The region where the main family of in-plane orbits becomes continuously unstable to in-plane perturbations thus gives a good rst estimate of where the outer edge of a circumbinary gap will be located; accessible vertical resonances must lie outside this region.
In the canonical equal-mass binary ( = 0:5), the stability of the main family`of circumbinary orbits was studied by H enon (1965b). We start by reviewing his work and noting the orbits which bifurcate from family`; we then move on to discuss the changes that take place as the mass ratio is lowered, and how these changes will a ect particle motion in the circumbinary disk.
Families of circumbinary orbits can be parameterized by the starting position x 0 on the negative x-axis of each orbit | roughly the radius for the nearly circular orbits of family`| or by the Jacobi integral for each orbit. named`2 and which we term the \last stable orbit," the orbits are stable; inside of it, the orbits become strongly unstable, as indicated by the transition from solid to dotted lines in the gure. At this stability-instability transition, a pair of orbit families bifurcates; their existence was rst noted by Kristiansson (1933) . H enon did not name these families; we label them`(1 : 1)c and`(1 : 1)d (see Appendix A). These orbits are asymmetric with respect to the x-axis (p x;0 6 = 0), and form re ections of each other across that axis. As can be seen in Figure 2b , the maximum distance from the barycenter increases as E J increases; at the same time, the minimum distance decreases, with a loop forming near the L4 or L5 point for high enough E J . The orbits have a 1 : 1 resonant structure | the particle performs one radial oscillation for each azimuthal one | and are thus related to the m = 1 OLR of the potential. Because these orbits very quickly become unstable with increasing E J , their role is negligible, and the gap edge in the equal-mass binary may plausibly be set at a radius of 1:9.
In the sequence of stable`orbits outside the gap, H enon found a solitary orbit`1 of neutral stability at x 0 2:132 and E J ?1:714. This isolated critical orbit corresponds to the k h = ?1 : 2 resonance. In the limit ! 0, this is the Keplerian 3 : 1 mean-motion resonance at r 2:0801.
Pinotsis (1986) identi ed two unstable families of doublelooped orbits bifurcating from this point, both symmetric about the x-axis and forming re ections of each other across the y-axis, which he named l1 0 and l1 00 ; we label them`(1 : 2)a and`(1 : 2)b, respectively, and show their shapes in Figure 3a . Counterparts for = 0:00095 were described by Frangakis (1973) . We found two more families of orbits associated with this resonance, which we label`(1 : 2)c and`(1 : 2)d. These orbits originate in tangent or \saddle-node" bifurcations at E J ?1:71559, with unstable branches which converge on family`at the`1 critical point and stable branches which move away from`. The stable branches of these families become unstable for E J > ?1:7055, with period-4 orbits bifurcating from them; the end result appears to be a classic period-doubling cascade leading to chaos. The`(1 : 2)c and`(1 : 2)d orbits are also doublelooped; they are rotations of the`(1 : 2)a and b families, and are symmetric about the y-axis (see Figure 3a) . The (asymmetric) equivalent of family`(1 : 2)c was noted by Frangakis (1973) in an equal-mass binary all four families bifurcate directly from family`. The existence of some of these orbits was originally pointed out for = 0:00095 by Frangakis (1973) and Message & Taylor (1978) . The parent orbits of these bifurcations in family`are stable for all mass ratios, but the results of our dissipational integrations (Section 3.2) show that instability does occur at these points in eccentric binary systems.
As the mass ratio of the binary is decreased, we see three notable trends. The rst is the \activation" of the k h = ?1 : 2 resonance. When the symmetry of the equalmass problem is broken by giving the stars unequal masses, the isolated critical point`1 at this resonance becomes an unstable region, as charted by H enon & Guyot (1970) . As can be seen in Figure 5 , the corresponding instability strip widens with decreasing , reaching a maximum around = 0:1, then narrows for smaller . The orbit families (1 : 2)a and`(1 : 2)b, which branched directly from the single critical orbit when = 0:5, now separate, with family`(1 : 2)a branching from the outer edge and`(1 : 2)b from the inner edge: compare Figure 3b with Figure 3a . Family`(1 : 2)a bifurcates as a stable orbit sequence, and families`(1 : 2)c and`(1 : 2)d bifurcate as stable orbits directly from`(1 : 2)a when the latter becomes unstable.
The appearance of this new instability is due to the fact that the k h = ?1 : 2 resonance is now the outermost (lowest-order) parametric resonance for the binary (see Section 2.1.2 and Equation 7). This resonance, where = m 2 j ? B j;
(8) appears at r 2:1 when < 0:5 because the binary now possesses an m = 1 component to its potential, whereas for the symmetric, equal-mass system the lowest-order component is m = 2. A similar lowest-order parametric resonance due to an m = 3 component is responsible for planar instability in circumstellar disks (see Section 4.1).
Inward-moving particles which encounter the k h = ?1 :
2 instability in non{equal-mass binaries may thus move onto the stable, double-looped orbits of family`(1 : 2)a, and thence onto those of families`(1 : 2)c or`(1 : 2)d. Since these orbits are all self-crossing, they cannot support steady gas ow, but could easily be populated by non-interacting particles such as dust grains or planetesimals. The instability in this strip is weaker than that near corotation (interior to the last stable orbit), and particles whose orbits su er su ciently strong dissipation may able to pass through this resonance with little perturbation, and without moving onto the branching asymmetric orbits. For systems with low dissipation, however, the k h = ?1 : 2 resonance can in principle determine the edge of the circumbinary disk.
A similar transformation occurs in the orbit families for the outer bifurcations: e.g.,`(1 : 3)a is now initially stable, and`(1 : 3)c and`(1 : 3)d branch from it when it becomes unstable. However, no instability strips appear in the orbits of`at the outer bifurcations, since for circular binaries there are no parametric planar resonances exterior to the k h = ?1 : 2 resonance.
Our second observation is that the asymmetric orbit families which bifurcate directly or indirectly from the main family, such as`(1 : 1)c,`(1 : 1)d,`(1 : 2)c, and
(1 : 2)d, remain stable to higher values of E J as the mass ratio decreases: contrast Figures 4 and 6. Since the potential is not longer symmetric about the y-axis, these orbits also lose their y-axis symmetry. Orbit families which for = 0:5 were exact re ections of each other across the y-axis | e.g.,`(1 : 2)a and`(1 : 2)b | become only approximate re ections.
For mass ratios > 0:1, these stable asymmetric orbits occupy a su ciently small range of E J that we may safely ignore their e ect. The innermost possible gap edge is still the last stable orbit of family`, while the k h = ?1 : 2 resonance marks the gap edge in low-dissipation systems, unless = 0:5. For gas or collisionally dominated particle disks, the gap would be maintained by intersecting streamlines rather than orbital instability, since the asymmetric stable orbits cross themselves or intersect with the familỳ orbits just outside their bifurcation points. But isolated particles can occupy the asymmetric orbits: for them, the gap edge would become di use, because the pericenters of the asymmetric orbits move inward as E J increases, and the particle's orbit as seen in the inertial frame becomes more and more eccentric.
The third development is the inward movement of the last stable orbit of family`, which can be seen in Figure 5 . Once the mass ratio drops below 0:03, successive inner resonances are \uncovered." The rst active resonance to emerge from the previously unstable zone of the corotation gap is the m = 1 OLR (Keplerian 2 : 1 resonance), which appears at r 1:59 for < 0:025. A discontinuity or gap appears here in the previously continuous sequence of family`: the main sequence of`orbits changes from 6 2 : 1 to 1 : 1 in structure. Where these 1 : 1 orbits become unstable, the`(1 : 1)c and`(1 : 1)d orbits bifurcate as before. A new family of 1 : 1 orbits approaches from above (larger jx 0 j), changing smoothly to 2 : 1 and e ectively continuing the`sequence. As the mass ratio grows smaller, other signi cant resonances emerge, including the m = 2 and m = 3 OLRs; in the Keplerian limit these are the 3 : 2 and 4 : 3 mean-motion resonances at r = 1:3104 and 1.2114, respectively. These gaps, and the existence of some of the new families associated with them, were rst noted by Rudak & Paczy nski (1981) . Figure 7 illustrates the extremely complicated situation for = 0:001, an approximation to the Sun-Jupiter system. Sizable gaps in the`family exist at the m = 1, m = 2, and m = 3 outer Lindblad resonances, and short sections of unstable orbits exist at the other main resonances (for example, the Keplerian 5 : 3 commensurability at r 1:406). The overall behavior of family`at high mass ratios | in particular, the turnover in x 0 values for higher E J | is now found in the 2 : 1 family which appears at the m = 1 OLR and diverges at the m = 2 OLR. The appearance of gaps for some resonances and instabilities for others is closely analogous to the behavior of orbits in a barred galactic potential, where \resonance gaps" appear at k = n : 1 resonances for even values of n (Contopoulos 1981 ; see also Contopoulos & Grosb l 1989) . The principal di erence here is due to the strong m = 1 component of the binary system, which produces additional gaps in the main family. For small mass ratios, this complicated structure makes discrimination of a \last stable orbit" impossible, since stable orbits exist on the interior sides of resonance gaps. Where the inward particle motion halts now depends on the relative strengths of resonances, dissipation, and individual particles' motions.
When the mass ratio is very small, closed circumbinary orbits in the rotating frame can be reasonably approximated by Keplerian orbits about m 1 in the inertial frame; this is useful for relating periodic orbits in the three-body problem to the orbits of asteroids, comets, dust, and planetesimals in the Solar System. Figures 7c and d show plots of semi-major axis and eccentricity versus Jacobi integral for some of the main planar families in the = 0:001 case. The semi-major axis of the orbits in a family which bifurcates or diverges at a resonance remains roughly constant, preserving the semi-major axis of the corresponding Keplerian resonance; we see a steady increase in eccentricity as resonance families bifurcate or diverge.
We can summarize our general predictions about the size of circumbinary disk gaps in circular binaries. For < 0:025, the existence of gaps and interior stable sequences in family`makes predicting the location of a gap edge extremely di cult. For > 0:05, we have two potential inner radii for the circumbinary disk: the last stable orbit of family`, and the k h = ?1 : 2 instability further out. The strength of dissipational forces in a particular disk will determine where the circumbinary disk actually ends. When dissipation is weak, inward-moving particles will be halted by the k h = ?1 : 2 resonance at r 2:1; for stronger dissipation, particles will cross over that resonance and cease regular motion only at the last stable orbit of family`, either due to the absence of any stable orbits ( > 0:1) or because the bifurcating orbits of families`( 1 : 1)c and`(1 : 1)d cross the innermost stable orbits of family`. The possibilities are summarized in Table 2 and Figure 5 . We attempt to judge the relative strengths of the two truncation points using our dissipational method in Section 3.1. Our results can be compared with those of AL94 (in particular, their Table 1), although their focus was on gas disks, and they discounted resonances in determining circumbinary gaps in circular systems: instead, they estimated gap sizes due to viscosity-induced phase lag in a tidally distorted gas disk (cf. Papaloizou & Pringle 1977) . We consider possible relevance of our results for gas disks in Section 4.1. Their predicted gap edge in circular binaries is approximately equivalent to the last stable orbit of family`, but generally lies slightly inside our estimates and does not show a clear trend with mass ratio. Since they do not consider possible e ects of the k h = ?1 : 2 resonance, no direct comparison can be made with our low-dissipation column in Table 2 .
The locations and Jacobi integrals of the various instabilities of interest are summarized in Table 4 , in the Appendix.
2.3. O -Plane Orbits In an equal-mass binary, there is a instability at the k v = ?1 : 1 resonance between the particle's vertical motion and its Doppler-shifted azimuthal motion about the binary. This instability, the lowest-order vertical parametric resonance for an m = 2 potential, was pointed out in the context of galactic disks with bars or bisymmetric spiral arms by Binney (1981) ; in the resonant region, the pattern sweeps by relative to the particle at twice the local vertical frequency, resulting in parametric ampli cation of a tilt in the orbit. In the circular binary potential, this resonance, corresponding to the 3 : 2 commensurability in the Keplerian limit, lies inside the last stable orbit of family`for > 0:001 (Markellos, Goudas, & Katsiaris 1981) .
There are no other vertically unstable regions exterior to the ?1 : 1 resonance in the equal-mass case, although H enon (1973) did nd an isolated, marginally stable (\crit-ical") orbit labeled`1 v at E J = ?1:7224. For unequalmass binaries the o -center (m = 1) part of the potential provides a forcing frequency at half that of the bisymmetric component, and there is a vertical instability at approximately this point, as outlined by Markellos et al. (1981) . This is, in fact, the vertical counterpart of the planar k h = ?1 : 2 resonance, and is due to a similar lowest-order parametric resonance, as de ned by Equation 8. The two resonances are displaced because a binary potential is attened relative to a Keplerian potential: > at a given radius, and vertical resonances exterior to corotation can be expected to lie outside of horizontal resonances.
As ! 0, both instability strips merge into the Keplerian potential's 3 : 1 mean-motion resonance at r = 2:0801.
Additional vertical instabilities can be found in thè (1 : 2) families of orbits which branch from the main 7 family, as indicated by the small diamonds in Figures 4, 6 , and 7. Vertical instabilities in a region of planar stability occur in families`(1 : 2)c and`(1 : 2)d for nearly all mass ratios. When < 0:01, the zone of instability around the k h = ?1 : 2 resonance almost engulfs that around the vertical resonance, and family`(1 : 2)a acquires a vertical instability as well (see Figures 6 and 7) . When the mass ratio drops as low as 0.001, a vertical instability corresponding to k v = ?1 : 1 in the orbits of`(1 : 1)c and (1 : 1)d (the m = 1 OLR orbits) becomes accessible, since it is no longer in a region of planar instability. Since the parent planar families self-intersect or cross with orbits of family`further out, these additional instabilities will not be accessible to gas disks; but they could be important for isolated particles in dust and planetesimal disks.
In-plane`orbits exterior to these were searched for signs of other vertical instabilities. None were found, in line with results for Copenhagen problem (H enon 1973; Markellos et al. 1981 When the initially stable family L(1 : 2)a becomes unstable, two asymmetric orbit families L(1 : 2)c and L(1 : 2)d bifurcate from it. The outer symmetric family of orbits was rst found for the = 0:5 case by Zagouras & Kalogeropoulou 1978 (their family L 1v ) and both outer and inner families were found by Ichtiaroglou et al. 1989 for the special case of = 0:001 (their families A 13 and B 13 ). These orbits have a \clamshell" shape, with a crossing point or \hinge" on the binary axis, closest to m 1 for the outer, stable family a, and closest to m 2 for the inner, unstable family b. This shape re ects their 1 : 2 resonant nature, with two azimuthal oscillations for each vertical oscillation. Near the bifurcation their period is twice that of the parent planar orbits: as with the k h = ?1 : 2 planar orbits, this is a \period-doubling" bifurcation. In the = 0:5 case, both families bifurcate from the lone vertical-critical orbit; the separation of the two families by the creation of an instability gap for < 0:5 is exactly analogous to the behavior of planar orbits at the planar k h = ?1 : 2 resonance. The family branching from the outer edge of the instability | L(1 : 2)a in this case | is again the stable one, and is thus easily accessible to particles moving inward along the`orbits. Several examples of the stable family for = 0:3 are given in Figure 9 . As the Jacobi integral is increased, the orbits retain their radial size but increase the height of their vertical excursions: the clamshell opens wider.
We nd that the outer family of orbits L(1 : 2)a is stable out to a signi cant distance above the plane, for a wide range of binary mass ratios (see Figures 8 and 9 ). This is in contrast to the rapid loss of stability in the`(1 : 2)a planar family. We suspect that previous reports of instability resulted from lower-precision integrations: Ichtiaroglou et al. 1989 were unable to determine their orbits' stability near the plane, while Markellos et al. (1981) suggested that these orbits should in fact be stable, based on the horizontal stability of the originating planar orbits. The stability of these \clamshell" orbits means that particles in < 0:5 systems which encounter the vertical resonance in the plane can potentially circulate to great heights above and below the binary/disk plane.
Since these orbits are self-crossing, gas cannot ll them uniformly. The vertical resonance might nonetheless have some e ect on a gas disk in its vicinity, such as the production of bending waves; we consider this point further in Section 4.1. In sparsely-populated disks, we expect material to \climb" out of the disk.
The stable, asymmetric orbits L(1 : 2)c and L(1 : 2)d bifurcate from the point where the symmetric clamshell orbits go unstable. The two families di er in both z 0 and p z;0 ; they are similar in shape to the symmetric clamshell orbits, but the hinges are displaced respectively above or below the plane. To the best of our knowledge, these families have not been found before. Particles circulating about the symmetric orbits can transfer onto the asymmetric orbits, which allow them to reach even greater heights above the plane. Figure 9d shows one of these orbits for the = 0:3 potential. Eventually, particles moving above and below the binary plane through a sequence of these orbits encounter an instability \barrier": both families of asymmetric orbits become unstable at E J ?1:15. Unlike the planar asymmetric orbits`(1 : 2)c and`(1 : 2)d, which produce a period-doubling cascade when they go unstable, the asymmetric o -plane orbits lose their stability through an inverse bifurcation with pairs of unstable asymmetric orbits (see Figure 8) , and so there are no stable orbits available to the particle beyond this point. The limit for stable motion above or below the plane is jzj 1:72 for = 0:3, increasing to 1:85 for = 0:01, or a maximum orbital inclination of about 50 .
What do these orbits look like in the inertial frame? For low mass ratios, we can calculate approximate eccentricities and inclinations, as though the particles were on Keplerian orbits. This allows us to interpret the L(1 : 2)a orbits as circular, tilted orbits, with the particles crossing the plane in opposition to the secondary. As an example, if = 0:001, the tilt increases along the orbit family until the inclination reaches 35 , at which point the asymmetric orbits bifurcate and eccentricity begins to grow. Circular orbits of higher inclinations are unstable, but the inclination of the stable asymmetric orbits continues to increase along with the eccentricity, until those families become unstable at e 0:16 and i 50 .
3. DISSIPATIVE MOTION Gas in a circumbinary disk is expected to follow sequences of stable periodic orbits, slowly losing energy and angular momentum via some form of dissipation. Individual dust particles in planetary systems will su er solarwind, Poynting-Robertson, and gas drag; the latter may be the most important for planetesimals in a protoplanetary disk that still retains signi cant gas (e.g., Weidenschilling & Davis 1985) . Following Pfenniger & Norman (1990) , we model these phenomena in an abstract fashion: we impose an additional \friction" term r = ? vv=r (9) where v is the particle's velocity (per unit mass) in the inertial frame, r is its distance from the barycenter, and is a dimensionless constant specifying the strength of the \friction." Unlike the form used by Pfenniger & Norman (1990) , this prescription allows the Jacobi integral to increase when a particle is moving prograde outside of corotation, driving it inward while still ensuring that dissipation takes place.
Although we did not attempt to model gas disks, comparing the torque predicted by Equation 9 with the viscous torque calculated by AL94 shows that R ?1 , the inverse Reynolds number used to parameterize viscosity. Our standard value of = 10 ?5 is roughly consistent with plausible circumbinary and protoplanetary disk viscosities: AL94 suggest R 10 5 . This frictional form mimics the e ects of Poynting-Robertson and solar wind drag, where F drag / ?v=r 2 (e.g., Burns et al. 1979) . It is also similar to gas drag (cf. Weidenschilling & Davis 1985; Malhotra 1993a ) as long as the particle is following the main sequence of circumbinary orbits, although once a particle has moved onto a bifurcating sequence of orbits (it has been \trapped" by a resonance), our formula is no longer a good approximation.
The general inward motion of particles due to this dissipation can also simulate some of the e ects of moving the secondary m 2 gradually outward. Fernandez & Ip (1984) have suggested that the outer planets may have migrated to their current positions early in the Solar System's history, with Jupiter moving inward slightly and the other Jovians moving outward, due to encounters with planetesimals still in the disk. Malhotra (1995 Malhotra ( , 1996 has examined the e ect of outwardly migrating planets, and of Neptune in particular, on planetesimals further out which eventually became the Kuiper Belt, and has used the resulting \resonance sweeping" to explain Pluto's orbit (Malhotra 1993b) .
Our dissipational integrations were carried out using the equations of motion and integrator described in Section 2.1, with the addition of the term in Equation 9. Integrations were halted when a particle \escaped" or was \captured" by a star. A particle was ruled to have escaped if it had reached a distance from the barycenter greater than 100 times the binary separation; in practice, these particles invariably had positive inertial energies, indicating they were indeed escaping. We regarded a particle as having been captured by a star (or, e.g., its circumstellar disk) if it passed within 0.9 times the star's Roche radius, a criterion we adopted from AL94. For 0:5 0:05, we used the approximate Roche-radius formulae given by Paczy nski 1971; for < 0:05, we used the series approximation in Kopal (1989, pp. 13{16) .
We applied this dissipational technique to the following potentials: the canonical = 0:5 (equal-mass) system; a = 0:3 binary, as a \typical" case; = 0:1 and 0.05, for the more extreme end of common binaries; = 0:01, representing, e.g., a very low-mass star with a super-Jovian companion; = 0:001, for systems with a star and a Jovian planet; and = 5:146 10 ?5 to represent the SunNeptune system. In each case, we performed integrations in a circular system (e = 0) and in systems with a range of eccentricities: e = 0:001, 0.01, and 0.1. Integrations in additional potentials, with a more limited set of eccentricities, were carried out to determine the ranges of interesting behavior, such as signi cant vertical excitation. Typical scenarios involved 20 integrations, with particles starting in approximately circular orbits of radius 2.8 or 3.3, randomized in azimuth. Since we were interested most of all in the vertical evolution of particles, and since \real" particles in a disk will have some vertical motion, most integrations were started with z 0 = 0:01.
Circular Binaries
The sizes of circumbinary gaps which we derive from the particle integrations are close to our predictions based on orbit stability (Section 2 and Table 2 ). In most cases, the The motion of particles once they reach the ?1 : 2 resonances also agrees well with the predictions based on orbit families, with one exception: particles sometimes cease regular motion and become chaotic before the end of stability in a particular family is reached. This can be seen in Figure 10b for motion along the`(1 : 2)c orbits, and can also be seen for motion along family`in cases where particles pass through the k = ?1 : 2 resonances (Table 3 for = 0:4{0.5): approximately 5% of particles reach the approximate radius of the last stable orbit in family`(cf.
Table 2), while other particles halt at r 1:95 and become chaotic almost immediately. We suspect that this re ects narrowing of the region of stable quasi-periodic motion surrounding a stable orbit family as the latter approaches a transition to instability: particles with su ciently large oscillations about the periodic orbits may thus enter an unstable regime while the periodic orbits are still stable to small displacements.
As examples of typical planar motion without signicant vertical excitation, Figures 10a and b show typical particle motion for high and low mass ratios: = 0:4 and = 0:01. We recorded particle positions every time the particle crossed the x-axis with p y;0 < 0, a technique used for making Poincar e sections, which allows us to compare how closely particles follow the periodic orbits. A rich, intricate structure is apparent even when the particle is simply following the`orbits: discrete sets of x values appear whenever the particle nears a low-order resonance. Particles spiral inward, moving smoothly through the stable orbits of family`, until that family becomes unstable at the k h = ?1 : 2 resonance. They then move onto the stable`(1 : 2)a orbits which branch from the instability edge, and when these become unstable onto family`(1 : 2)c or (1 : 2)d. The latter become unstable almost immediately for = 0:4, but remain stable much longer for = 0:01. Once the particles reach the end of the stable orbits, their motions become increasingly eccentric until they are either ejected from the system with positive inertial energy, or are ruled to have been \captured" by one of the stars; this behavior resembles that seen for stellar orbits near the corotation resonance of a central bar in galactic potentials (Contopoulos 1981) .
For binaries of intermediate mass ratio, with 0:02 < < 0:35, the majority of inward-spiralling particles are \trapped" by the vertical ?1 : 2 resonance: they are excited onto the o -plane L(1 : 2)a orbits, followed by motion along either the L(1 : 2)c or L(1 : 2)d orbits, as shown in Figures 10c and 11 . Inspection of Table 3 shows that this e ect is strongest for 0:1: for = 0:05 and 0.1, all of our particles were excited onto the oplane clamshell orbits. In addition, 10% of particles for = 0:3, 15% for = 0:1, 65% for = 0:05, and 70% of particles for = 0:025 were still showing stable motion about the clamshell orbits when the integrations ended at E J ?1:1. Continued integrations of some of these trajectories for = 0:1 suggested that the particles were still trapped about orbits similar to the L(1 : 2)a orbits, even after both those and the asymmetric clamshells had become unstable; it is not clear why.
The initial growth of o -plane motion is fairly rapid (see Figure 11 ). Once it reaches the resonance, a particle's vertical motion grows exponentially, reaching jz max j 0:2 for = 0:1 and = 10 ?5 with an e-folding time of 1500 of our time units, or 250 orbits of the binary. This is followed by oscillations in of jz max j, and slower growth.
For binaries with < 0:01, the k = ?1 : 2 resonances are evidently too weak to capture the majority of particles, which continue further inward. Typically, they are trapped onto asymmetric orbits arising at the m = 1 OLR, or those at the m = 2 OLR; see Figure 12 . For low enough mass ratios, the bifurcating asymmetric orbits remain stable long enough that the particle eventually passes near one of the stars, making \capture" likely. Little or no signi cant vertical motion takes place in any of these cases. We note a tendency for particles to be captured by m 2 rather than m 1 when 0:01 < < 0:3. The simplest explanation is that the stable orbits are roughly centered on the barycenter of the system, and m 2 is further from this point than m 1 ; thus, when the particle's motion becomes increasingly elliptical, with pericenter moving inward, the secondary is more likely to be encountered rst. Interestingly, a similar tendency was noted by Artymowicz & Lubow 1996 in their hydrodynamic simulations. When < 0:001, then the primary captures most of the particles, probably because the secondary's Roche lobe has become too small. Occasionally, we see particles \escape" from a stable bifurcating family and return to oscillate about the orbits of family`; they then continue inward along the orbits of`until diverted by another bifurcating family. This may be an example of resonance escape, an e ect noted in modeling of drag e ects on dust particles and planetesimals in the Solar System. This happens in 5% or fewer of the integrations. A similar tendency was seen for particles moving along the asymmetric clamshell orbits L(1 : 2)c/L(1 : 2)d: particles occasionally moved onto one asymmetric family, and then visibly \jumped" to the other.
For dissipation weaker than = 10 ?5 , these results are largely unchanged. To examine the e ects of stronger dissipation, we carried out a small number of integrations with = 10 ?4 . The principal change that comes with increasing the frictional constant to this level is the ab- 3.2. Eccentric Binaries Integrations in eccentric systems were carried out in a similar fashion to those in the circular systems. We switched to the inertial reference frame and updated the stars' positions using the prescription of Brouwer & Clemence (1961) . To prevent loss of machine precision over very long integrations, we calculated stellar positions using time modulo the binary period, separately storing the number of binary periods since the integration started. In certain cases, we wished to record the successive intersections of particles with the mean rotating x-axis (a form of Poincar e section); in those runs, we integrated in the uniformly rotating frame, transforming the stars' inertial positions into rotating-frame coordinates.
The qualitative behavior of particles orbiting under friction in eccentric binaries is the same as for circular binaries, the main di erence being where the particles stop moving inward. Here, we agree with AL94, who found that increasing the binary eccentricity moves the circumbinary gap edge in a quantized fashion: the gap edge jumps successively outward to the approximate locations of the rst-order Keplerian mean-motion resonances. What we see is a phenomenon very similar to the resonance capture observed in the circular systems: particles move inward under friction until they reach a particular resonance, after which they grow more eccentric in motion, with an increasing average radius. For low enough mass ratios ( < 0:01), when we convert particle positions and velocities to pseudo-Keplerian a and e, we see that a stays roughly constant while e increases once the resonance is reached, as was the case in circular systems (cf. Figure 12 ). All this happens at radii in close approximation to the corresponding resonances in the circular case. Thus, as the eccentricity rises, resonances further and further out in the circumbinary disk are successively \acti-vated" and strengthened | both we and AL94 see this in our simulations.
For very small eccentricities (e = 0:001), behavior is largely identical to that of the circular systems (see Ta This excitation is most likely due to the associated vertical instability in the`(1 : 3)c and`(1 : 3)d orbits, as can be seen in Figure 4 . The motion of particles in e = 0:1 systems which have reached this region are surprisingly close to stable, asymmetric, o -plane orbits in the circular system, as Figure 14 shows. Thus the periodic orbits in a circular system remain a useful guide even when the binary eccentricity reaches moderate values.
No vertical excitation was seen for any other mass ratios at e = 0:1, and none was seen for e = 0:3. In principle, we might expect to see excitation arising from analogs of the k v = ?1 : 2 resonance further out. For example, just as the (m; l) = (2; 1) potential component has a parametric n = 1 planar resonance at r 2:52 (the k h = ?1 : 3 resonance), it should also have a parametric vertical resonance slightly further out. However, we have seen no evidence for excitation of particles onto these orbits in our dissipational integrations. We suspect that in the cases which we investigated, the outer planar resonances are strong enough that they e ectively encompass the neighboring vertical resonances.
Our results for very low mass ratios ( < 0:001) are somewhat puzzling. Increasing the eccentricity evidently strengthens exterior resonances, and activates new resonances closer in, such as the k = ?2 : 3 resonances due to the 5 : 2 commensurability, at r 1:841. But it also seems to make some strong resonances more permeable. Similar behavior was seen by Roques et al. (1994) in their simulations. Analytical and numerical studies of resonances in the Solar System suggest that whether or not a particle is \captured" by a resonance | whether or not it is diverted onto bifurcating resonance orbits | depends on, among other things, the eccentricity of the particle when it encounters the resonance (e.g., Malhotra 1993a and references therein). In particular, resonances are less likely to capture particles with higher eccentricities. We observe that high binary eccentricity induces higher eccentricity in the orbiting particles, especially for oscillations along the`orbits, and this may explain the connection between higher binary eccentricity and the permeability of resonances to particles on the`orbits. The e ect is only seen for < 0:01, and is strongest for our lowest mass ratio, corresponding to the Sun-Neptune system.
DISCUSSION
The clearest application of our results is to systems where the circumbinary disk is not dominated by collective e ects such as gas pressure, collisions, or self-gravity, so that our free particle approximation is valid. This includes protoplanetary/planetesimal disks and probably at least some dust disks around main sequence binaries or main sequence stars where the secondary is a massive planet.
For such systems, the circumbinary disk can potentially be truncated in the plane by either the k h = ?1 : 2 resonance or the m = 1 OLR (columns 1 and 2 of Table 2). Our dissipational calculations (Section 3) suggest that unless the mass ratio of a circular or near-circular binary is extremely small (i.e., < 0:01), or dissipational forces are extremely strong ( > 10 ?4 in our formulation), the circumbinary disk will have its inner edge at approximately twice the binary separation, due to the e ect of the k = ?1 : 2 resonances. (Eccentricity e > 0:01 will result in gap edges further out, at the approximate locations of the rst-order Keplerian mean-motion resonances.) The sharpness of the gap truncation depends on the mass ratio; the gap edge becomes more di use for smaller mass ratios. This is due to two trends. First, for mass ratios < 0:03, there are stable orbits interior to the m = 1 OLR, which makes de ning a gap problematic. Regular motion is possible almost down to the orbit of the sec-ondary, as can be seen in the simulations of Roques et al. (1994) . Second, when inward-moving particles are trapped by a resonance, they move onto the bifurcating resonance orbit families. At high mass ratios, these families rapidly lose stability; consequently, particles trapped by a resonance become unstable before their eccentricity has grown appreciably. Although particles on the resulting chaotic orbits can move inside the resonance | so that there will be some material in the gap | such particles will rapidly nd themselves either captured by one of the stars or (more likely) ejected from the gap due to close encounters with a star. This in fact is the behavior we see in our dissipational simulations. As the mass ratio is decreased, the resonance orbit families remain stable to higher values of E J (contrast Figures 4 and 6, and panels a and b of Figure 10 ). This allows particles to remain trapped in a resonance as dissipation gradually increases their orbital eccentricity to fairly high values (cf. Figure 7) . So for small mass ratios, particles in regular motion can be found interior to the resonance, when they are near pericenter of their orbits, and any \edge" due to a resonance will be a smooth, gradual transition extending inward. As the mass ratio is lowered, the di useness of the edge increases.
The case of the vertical k = ?1 : 2 resonance is somewhat di erent. Particles trapped by this resonance increase their inclination, but not their eccentricity (recall that in the Keplerian limit the clamshell orbits are tilted circular orbits). There will still be a certain \fuzziness" to the radial edge, since particles in quasi-periodic orbits near the closed orbits will have orbits with radii which oscillate about the closed orbits, and even the closed orbits are not truly circular for > 0. But whereas the evolution under dissipation of particles trapped in a planar resonance increases eccentricity and thus di uses an in-plane gap edge, the vertical resonance increases inclination only (at least until the asymmetric clamshell orbits are reached, at high inclinations). Particles trapped in this resonance will not change their radius appreciably (cf. Figure 10c ) until they reach high inclinations, so we expect a fairly sharp edge to the circumbinary gap if the k v = ?1 : 2 resonance is responsible.
For near-circular systems with mass ratios in the range 0:025 < < 0:3 and eccentricities e < 0:001, our simulations indicate that a gap edge can be formed by the vertical k = ?1 : 2 resonance, and there is the strong possibility that inward-drifting particles will develop extensive o -plane motion on the clamshell orbits. We nd that particles can circulate to heights of 1.7 times the binary separation or greater, corresponding to inclinations up to 50 . Signi cant o -plane motion would also be expected at moderate eccentricity (e 0:1), with vertical excitation taking place for particles which are captured by the k = ?1 : 3 (Keplerian 4 : 1) resonance.
Relevance of Parametric Resonances to Gas Disks
Collective responses in a disk | gas pressure, selfgravity, or frequent collisions | will change the e ect that resonances have on disk particles. The resonances still exist, at approximately the same positions, but their main e ect is now the generation of waves which propagate away from the resonances. The best-studied resonances for gasdynamical and other collective e ects are the Lindblad resonances; these are often viewed as the only important resonances for disks with collective responses. However, we argue below that there is reason to expect responses at the k h = ?1 : 2 and k v = ?1 : 2 resonances in circumbinary gas or collisionally-dominated disks, even though the nature of the response will be di erent from that of free particles discussed in this paper.
Our reason for suggesting this is based on the e ect of a similar resonance for the circumprimary disks in models for certain cataclysmic variables. In the SU UMa class of dwarf novae, a modulation of the light curve with a period slightly longer than the orbital period is observed during their infrequent superoutbursts. This \superhump" variation is now believed to result from a precessing, eccentric accretion disk. The origin of the disk's eccentricity has been traced to the e ect of the gas-dynamical counterpart of a lowest-order parametric resonance on the circumprimary disk. The resonance acts to amplify the eccentricity of the disk; precession of the eccentric disk, at a rate slightly below the binary orbital period, then produces the superhump light curve.
Hydrodynamic simulations by Whitehurst (1988) rst showed that a uid disk around the more massive star experienced eccentricity growth for mass ratios < 0:2. He and Hirose & Osaki (1990) identi ed the excitation mechanism as the lowest-order parametric resonance of the binary's m = 3 potential component, which occurs at the 3 : 1 circumprimary mean-motion resonance. At this resonance, the main family of circumprimary particle orbits bifurcates, giving rise to a family of self-intersecting, perioddoubled orbits (Whitehurst & King 1991 and Molnar & Kobulnicky 1992 ) | just as we nd for the circumbinary k h = ?1 : 2 resonance. Lubow (1991a) then investigated the gas-dynamical e ects of this resonance, which translated into a mechanism for eccentricity growth in a uid disk: a small initial eccentricity in the disk uid was amplied via the emission of trailing spiral density waves inward from the resonance. (10) respectively. SPH simulations indicate that the 3 : 1 inner resonance does indeed excite a noticeable disk response in the manner Lubow outlined (Lubow 1991b , Murray 1996 , and this is now generally accepted as the mechanism for the superhump light curve in SU UMa stars (e.g., Osaki 1996) .
By analogy with the 3 : 1 \superhump" resonance, we might expect a similar response in a circumbinary gas disk at the point where we nd the outermost parametric resonance in the free-particle case. Just as the superhump resonance is an example of an inner resonance in Lubow's sense, our k h = ?1 : 2 resonance is an \outer eccentric Lindblad resonance" (for the m = 1 part of the binary potential). Consequently, waves could be launched from the k h = ?1 : 2 resonance in a gas disk, accompanied by a growth in disk eccentricity.
The SPH simulations of circumbinary disks by AL94 and showed no sign of either planar or vertical e ects at the k = ?1 : 2 resonances; the latter's coplanar simulations used = 0:01 and 0.5, for which those resonances are respectively weak and non-existent. Given the narrowness of these resonances, it is not clear if either of these simulations have su cient resolution in the region in question. The viscosity used in these simulations (AL94 estimated R 10 ?4 for their SPH computations) may also have been high enough to damp out any interesting e ects produced by the k = ?1 : 2 resonances.
Can the vertical k = ?1 : 2 (parametric) resonance we have investigated have an analogous e ect in disks with collective responses? Two studies suggest that the answer is yes. Lubow (1992) investigated the circumprimary vertical 3 : 1 mean-motion resonance, which lies just inside of the planar 3 : 1 resonance of Lubow (1991a) , and found that a similar uid-response mechanism could amplify disk inclination, though at a rate much less than for the in-plane eccentricity. The discovery of a \negative superhump" component in the light curve of the cataclysmic variable AM CVn has prompted speculation that its accretion disk might be tilted, possibly due to the mechanism described by Lubow (e.g., Harvey et al. 1998 ). For galactic stellar disks, where self-gravity provides the collective response, Sparke (1984) found that the lowest-order m = 2 parametric resonance outside corotation | investigated in the free-particle case by Binney (1978 Binney ( , 1981 | gave rise to bending waves in the disk, and a growing warp. In this case, the m = 2 component of the potential couples leading and trailing waves with opposite group velocities. Thus, outgoing leading waves generated at the resonance spawn corresponding trailing waves, which travel inwards through the center and emerge as leading waves. As these in turn reach the resonant region, they are further amplied. The possibility exists that o -plane motions could be ampli ed by the k v = ?1 : 2 resonance, even in circumbinary disks dominated by collective e ects. 4.2. Sparse Disks: Naked T Tauri Binaries and Pictoris Systems As pre-main sequence systems age, accretion and the condensation and aggregation of planetesimals will transform dense, gas-rich circumbinary disks into the relatively sparse, dust-and planetesimal-dominated disks of naked T Tauri systems and Pictoris systems: young mainsequence systems with optically thin dust disks. Some of these are known or suspected to be binaries: Kalas & Jewitt (1997) have reported a stellar binary which is a Pictoris-type system, and detailed observations of several such systems, including Pictoris itself, have shown an absence of dust in the inner regions of the disks, perhaps indicating circumbinary gaps due to massive planets (e.g., Roques et al. (1994) ). Because dust particles and planetesimals in su ciently sparse systems can follow self-crossing orbits, systems similar to these could have signi cant oplane structures, if the particle motions are not strongly collisional. Whether this latter condition holds for Pictoris itself is currently a matter of debate. Artymowicz (1994) suggests that collisions between dust grains may dominate the dynamics, while Mouillet et al. (1997) argue that collisions tend to destroy small particles rapidly, so that the observed dust distribution re ects the (gravitationally determined) kinematics of larger bodies in the disk.
We can expect signi cant o -plane dust in noncollisionally dominated systems if they fall into the preferred mass-ratio and eccentricity ranges described above. The best candidates are thus stellar binaries, or low-mass stars with very massive planets, with circular or nearcircular orbits. ( Pictoris itself, an A5 V star with mass 1.5 M , would require a companion of hydrogenburning mass to satisfy our criteria; such a companion has not been observed. The observed warping in its disk (Kalas & Jewitt 1995 , Mouillet et al. 1997 ) also occurs over scales much too large for our proposed vertical excitation.) Poynting-Robertson drag is a possible mechanism for driving particles into the o -plane orbits (though the relevance of this mechanism for systems like Pic is in doubt; Artymowicz 1994) . The most easily recognizable structure would probably be that due to the L(1 : 2)a orbits, supporting an asymmetric shape like the edge of a clamshell or a thin-walled cylinder pinched on the side closest to the more massive star; this structure would rotate with the binary. Optically thin structures would be detectable by IR imaging or by polarimetry; in the latter case, one would expect additional polarization due to scattering from the o -plane dust, which would again be modulated with the binary period. If the o -plane orbits are unevenly lled, then there would be an additional modulation with the particles' orbital periods, which are in the range 2.96{2.98 times the binary period.
4.3. The Solar System Malhotra (1993b Malhotra ( , 1995 has suggested that Pluto's unusual orbit has resulted from the outward migration of Neptune early in the Solar System's history. The complex resonances near corotation may have \swept out" through the proto-Kuiper Belt, capturing Pluto into the 3 : 2 meanmotion resonance and carrying it along, thus protecting Pluto from close encounters with Neptune. If Neptune's eccentricity remained su ciently small while this happened, then Neptune's outer resonances would also have swept through the ancestral Kuiper Belt objects; Malhotra (1995 Malhotra ( , 1996 has investigated some of the consequences in the case of planar resonances. The e ect would be similar to our dissipational experiments, in which Kuiper Belt particles \move" inward relative to the expanding radial scale of the potential, successively encountering the outer resonances.
Vertical resonances may also have a ected the orbits of Kuiper Belt objects. Inspection of Figure 7 , the closest approximation to the Sun-Neptune system for which we plot orbit families, shows numerous vertical instabilities in addition to the k v = ?1 : 2 resonance; a nonzero eccentricity for a migrating Neptune implies additional vertical resonances. Due to the extremely small widths and weakness of these resonances when = 5:0 10 ?5 , as appropriate for the Sun-Neptune potential, we expect only a small fraction of objects to be signi cantly a ected. But if Neptune did indeed migrate outward early in the Solar System's history, at least some Kuiper Belt objects might be lofted to great inclinations.
Weak resonances, planar and vertical, become more important as dissipation is weakened: the more slowly a particle changes its Jacobi integral, the more time it will spend near a given resonance and the more opportunity it has to be excited onto resonant orbits. The fraction of Kuiper Belt objects in signi cantly inclined orbits will therefore depend on how slowly Neptune migrated outward | the 13 slower its progress, the more opportunity for vertical resonances to capture planetesimals. More detailed modeling may also put upper limits on how far Neptune moved outward, predicting the distribution of maximum inclinations of Kuiper Belt objects associated with the various resonance families. The inclination of a particle's orbit increases as it moves along an o -plane orbit family, away from that family's planar bifurcation point at the resonance. The distance the particle has traveled along the orbit family can be expressed as a change in its Jacobi integral E J ; this can in turn be related to changes in Neptune's position. Gomes (1997) has suggested a similar approach, though focused only on Pluto.
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APPENDIX A. ORBIT NOMENCLATURE AND ADDITIONAL ORBITS
A.1. Naming Scheme for Orbits The orbits we discuss bifurcate directly or indirectly from the`family at certain resonances; our names re ect those origins. Orbit families which bifurcate from a planar k = : ? B resonance share a designation of`(k); they naturally have similar resonant structures. Thus, the orbits which originate at the k h = ?1 : 2 resonance make one radial oscillation The`(1 : 1)c and`(1 : 1)d families bifurcating from`at the \last stable orbit" appear to lack accompanying a and b families. However, at low enough mass ratios the emergence of interior resonances allows one to see that a is, in e ect, the stable (outer) sequence of`orbits, which change from 2 : 1 to 1 : 1 as they approach the m = 1 OLR gap. When this sequence becomes unstable, curving down away from the gap in Figure 7b , it produces the stable, asymmetric c and d families. The unstable 1 : 1 sequence which curves up away from the gap in Figure 7b is then the corresponding b family.
We follow the same approach for the o -plane orbit families. In keeping with earlier work in the three-body problem, we use capital letters to designate three-dimensional orbits. Orbits bifurcating or derived from the k v = ?1 : 2 resonance are: L(1 : 2)a for the stable family, with hinge closest to m 1 ; L(1 : 2)b for its unstable partner, an approximate re ection about the y-z plane; and L(1 : 2)c and L(1 : 2)d for the asymmetric stable orbits which bifurcate from L(1 : 2)a when it becomes unstable. See Figure 9 for examples of L(1 : 2)a and L(1 : 2)c and d.
A.2. Additional O -Plane Orbits Our primary interest is in the o -plane orbits which bifurcate directly from the`orbits, since these are accessible to all particles in circumbinary disks. As noted in Section 2.3, the asymmetric`(1 : 2)c and`(1 : 2)d orbits are accessible to dust grains, planetesimals, etc., but not to gas disks. In each of these families, there are vertical instabilities at points where the families are still stable to planar perturbations. As at the 1 : 2 vertical instability in the`orbits, one family of o -plane orbits bifurcates from each side of the vertical instability region. The outer family | the one closer to theò rbits | is stable and the other unstable. The stable o -plane family rather quickly becomes unstable via a transition to complex instability: all four eigenvalues are still complex, but they are no longer on the unit circle. This transition is often called a \Krein collision." Such a transition does not produce a bifurcation (Contopoulos 1985) ; particles reaching this point have no option but chaos. Thus, the vertical instabilities in planar families`(1 : 2)c and`(1 : 2)d can amplify the vertical motion of particles in a (non-gas) disk, but signi cant, ordered o -plane motion is probably not possible. We believe that the o -plane bifurcations from the stable`(1 : 3)c and`(1 : 3)d orbits are of the same nature | initially stable, then complex unstable | but we have not investigated them in detail. Note.|First column is the location of the resonance in the Keplerian limit (semi-major axis of particle orbit as ! 0); second column gives the ratio of orbital periods in the Keplerian limit, i.e., mean-motion resonances; third column is the frequency ratio between radial or vertical oscillations and Doppler-shifted azimuthal motion; and fourth column notes special characteristics of the resonance (OLR = Outer Lindblad Resonance). Note.|\Low dissipation" assumes that the disk is truncated by the k h = ?1 : 2 resonance; the approximate center of that resonance is given. \High dissipation" assumes truncation by the transition of simple circumbinary orbits to instability; the averaged radius of the last stable orbit is given. Note.|These are approximate radii where particles ceased moving inward along the orbits of family`and shifted onto a bifurcating family (became trapped in a resonance) or went chaotic. Percentages are based on an ensemble of twenty runs, except where indicated. If a majority of particles are halted at a particular radius, that radius is a good estimate for the outer edge of a circumbinary gap. Entries in boldface indicate that particles were halted by a vertical resonance and were excited onto o -plane orbits; a trailing \z" indicates 0:1 < jz max j < 1 and \Z" indicates jz max j > 1, where jz max j is the maximum height reached by the particle in regular motion.
a Based on 40 runs rather than 20 b Vertical excitation from planar 1 : 2 orbits rather than from family` Note.|The rst line for each mass ratio entry gives the starting position x 0 of orbits in family`; the second line is the corresponding Jacobi integral E J for those orbits. All orbits are symmetric about the x-axis, with p x;0 = 0. Names for critical orbits are based on those in Markellos et al. 1981 a Orbit family structure is complex for < 0:025: the \last stable orbit" of the main sequence is not the innermost possible stable orbit b For = 0:5, only single critical orbits of neutral stability exist at the k h = ?1 : 2 and k v = ?1 : 2 resonances Fig. 1 .| Planar orbits of the`family around a binary with mass ratio 0.3. These orbits are retrograde in the rotating frame but prograde in the inertial frame. Solid lines indicated orbits which are stable to in-plane perturbations; the dashed orbits are unstable. The small annulus of unstable orbits at r 2:1 surrounds the k h = ?1 : 2 resonance; the corresponding annulus of vertically unstable orbits lies just outside, but is too narrow to be shown. In this and similar plots, the two small circles indicate the locations and relative masses of the stars; the primary is to the left. Fig. 2 .| Characteristic curves for important in-plane orbits in an equal-mass binary. Initial conditions for orbits, starting on the negative x-axis, are plotted versus the Jacobi integral for each orbit. Solid lines indicate orbits which are stable and dashed lines show horizontally unstable orbits; diamonds show small but signi cant regions of vertically unstable orbits. Orbits asymmetric about the x-axis are indicated by italic labels. Although some orbits may cross the negative x-axis more than once before closing, we show only one point for each orbit. This gure can be interpreted as two views into a three-dimensional \characteristic space": a.) \View from above": Initial x-momentum of the orbits. Orbits symmetric about the x-axis have p x;0 = 0; of these, we plot only the main family`of symmetric circumbinary orbits. Pairs of asymmetric orbits have opposing p x;0 values. b.) \Side view": The absolute value of the starting position jx 0 j of the orbits, approximately equal to the average radius for the`orbits. Asymmetric orbits, such as`(1 : 1)c and`(1 : 1)d, overlie each other on this plot. We use the Jacobi integral as a proxy for time, and show x and z coordinates for the particles as they cross the negative x-axis. Particles began in roughly circular orbits at r = 2:8, with z 0 = 0:01 and = 10 ?5 . All three cease inward motion at r 2:1 when they reach the planar k h = ?1 : 2 resonance (high and low mass ratios) or the neighboring vertical resonance (intermediate mass ratios). This is followed by motion along the orbits bifurcating from these resonances. The locations of the planar (\1:3") and vertical (\1:3v") 1 : 3 resonances are indicated on the appropriate plots, along with the inner and outer edges of the kv = ?1 : 2 resonance (\1:2v"). a.) = 0:4: Here, the orbits bifurcating from the resonance are only brie y stable, and the particle escapes almost immediately after encountering the resonance. b.) = 0:01: Underlying the plotted points, curves show x 0 values for the orbit families`(1 : 2)a and`(1 : 2)c, with solid lines where stable, and dashed lines where unstable. Some vertical excitation takes place at vertical instabilities in the`(1 : 2)a and`(1 : 2)c orbits: cf. the thick lines in Figure 6 . c.) = 0:1: The particle moves onto the o -plane clamshell orbits as it encounters the kv = ?1 : 2 resonance. Figure 10c : a particle in a = 0:1 binary encounters the kv = ?1 : 2 resonance and is excited onto the o -plane orbits. Here, we plot the particles's intersections with the positive x-axis, to better show how it follows the clamshell orbits. The particle rst moves onto the L(1 : 2)a orbits, and then at E J ?1:33 moves onto the asymmetric L(1 : 2)d orbits. The insets show particle motion at E J = ?1:45 and ?1:15 in the absence of friction: the particles' positions were extracted at those points and integrated forward without friction. We plot z and x in the rotating frame; compare with the closed orbits in Figure 9 . each crossing of the negative x-axis. Between t 5000 and 10 000, the particle passes through the k = ?1 : 5 resonance at r 3:3; it is subsequently captured by the k = ?1 : 4 resonance at r 2:9.
Fig. 14.| Successive positions of a particle moving under dissipation in a = 0:05, e = 0:1 system. a.) Position of the particle in z, plotted approximately every 10 time units. The particle drifts inward until captured by the k = ?1 : 3 resonance at r 2:5 (not shown here) and then moves onto the bifurcating planar orbits. Starting at t 35000, the particle experiences vertical excitation. b.) Motion of the particle in the mean rotating frame, plotted ten times as often as in the preceeding gure; the vertical lines in gure (a) indicate the section of the integration plotted here. A closed, o -plane orbit in the circular = 0:05 system, part of a family which bifurcates from the planar`(1 : 3)d resonance orbits, is overlaid. In spite of the binary's relatively high eccentricity, the planar periodic orbits are a good match to the particle motion.
